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Abstract - We search for non-zero integers such that each
integer is expressed as the difference or sum of two cubical
integers.

1. INTRODUCTION

Any odd prime number [ can be written as the sum of two
squares if and only if it is of the form p = 4k + 1, where
k & N. Generally, number 1 can be represented as a sum of
two squares if and only if in the prime factorization of 11,
every prime of the form 4k + 3 has even exponent [1]. In
[2,3], the Diophantine equation of the form x% —v3 =n
has been considered for its non-zero integer solutions where 1

is an arbitrary non-zero integer. In particular, a few numerical
examples are presented in [3]. In [4], the authors have
considered the representation of any integer as the sum of two
cubes to a fixed modulus. In [5], an intrinsic characterization
of positive integers which can be represented as the sum or
difference of two cubes is given. In this context, one may also
refer [6]. These results motivated us to obtain general
representation for 1 which can be written as the difference or
sum of two cubical integers. It seems that the explicit
representations for “11" as the sum or difference of two cubes

are not presented earlier.
2. METHOD OF ANALYSIS

Let 71 be any non-zero integer. Let & q be two divisors of 1
such that

n=pq 1)

Case 1: Representation of 1t where nn = x* — 2

Consider the equation

x¥—yvi=n 2
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which is equivalent to the following system of equations
X—y=p 3

x*+ v+ _1.‘: =q 4

Eliminating X between (3) and (4), the resulting equation is
i+ F3wp+pi-g=0 (5)

Treating (5) as a quadratic in v and solving for ¥, we have

1 T
y1=7(=3p+4129 - 3p7)

1 —
v = (=3p —/12q - 3p7)

In view of (3), the corresponding X values are given by

1. _—
x1=—(3p++ 129 - 3p°)

V6
1 —
¥2 =23p =129 = 3p7)

Note that, after performing numerical
(12 — 3p-) is a perfect square when

computations,

i. p=20, g=0oct+3K7
i. p=20—1 gq=3k?—k)+o? —oc +1

Thus, the required values of x, ¥ and 1 satisfying (2) are
exhibited in the following table.
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n X1 ¥
E+o k-
2a({a’® + 3k?)
—k+a —k—a
k+o—1 F—a
(2e—-1)(3k*-3k+a’-a+1)
o —k 1-k—w
Case 2: Representation of 1 whenn = x* + 3
Consider the equation
¥3I+yvi=mn 7
which is equivalent to the system of equations
x+ty=p (8)
x2—-xy+yi=g 9)

Eliminating X between (8) and (9), the resulting equation is
3viP—-3pr+pi-g=0 (10)
Treating (10) as a quadratic in " and solving for ¥, we have

1. -
¥ =213p +4/12g — 3p7)
1 (11)
y2 =2 (3p—+129 - 3p%)

In view of (7), the corresponding X values are given by

xy =3 (3p — /129 — 3p?) (12)

xy =7 (3p ++/12q = 3p7)

Employing (6), (11) and (12), the corresponding
representations of 1 along with the required values of x and v
are presented below.

b

i n=2ala®+3kY), x=a—-k v=a+k

. n=0a-1)E-3k+a’—a+1), r=a-k y=a+k—1

3. CONCLUSION

In this paper, we have presented the general representation of
an integer that can be expressed as the difference or the sum
of two cubical integers. It is quite interesting and worth
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mentioning here that, the represents for N to be written as the
difference or the sum of two cubical integers are the same. To
conclude, one may attempt to find general representation for
integers which can be expressed as the difference or the sum
of two higher power (>3) integers.
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